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Abstract. In an attempt to deal with the problem of tracking control for the non-
linear system, a non minimum phase is considered. Indeed, the main idea here is
to neglect a part of the system dynamics so as to make the approximate system in-
put-state feedback linearizable. The neglected part is then considered as a pertur-
bation. Also, a linear controller is designed to control the approximate system.
Stability is analyzed using the vanishing perturbation theory. The performance of
the proposed approach is evaluated in an illustrative inverted cart-pendulum ex-
ample.
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1 Introduction

The tracking control for nonlinear non minimum systems is a challenging prob-
lem in the control theory [4][8][14]. The standard input-output linearization [5]-
[11]-[12] leads to an unstable closed loop system due to the presence of unstable
zero dynamics. Hence, various ideas related to the possibility of using input-
output linearization have been explored in the literature dealing with the nonlinear
non-minimum phase system. In [3], a nonlinear state feedback and a coordinate
transformation are used to make the system as close as possible to a linear one. In



[2], the system input output feedback is first linearized. Then, the zero dynamics is
factorized into stable and unstable parts. The unstable part is approximately linear
and independent of the coordinates of the stable part. [6] Proposed a numerical
approach applying multivariable legendre polynomials to achieve an exact alge-
braic expression for the exact linearizing feedback. On the other hand, a cascade
control scheme has been considered that combines the input-output feedback line-
arization and the backstepping approach [5].

In this paper, we address the problem of tracking control of a single input single
output of non minimum phase nonlinear systems. The idea here is to approximate
the given system into input state feedback linearizable system. The system is
feedback linearized by neglecting a part of the system dynamics, with the neglect-
ed part being considered as a perturbation. Stability analysis is also provided
based on the vanishing perturbation theory [13].

The present paper is organized as follows: in Section 2 some mathematical pre-
liminaries are presented. The cascade control law design and the stability analysis
are given in Section 3. Section 4 gives the inverted cart-pendulum to illustrate the
effectiveness of the proposed approach. Finally, some concluding remarks are
provided in Section 5.

2 Preliminaries and Problem Statement

In this paper, we consider a nonlinear Single-Input Single-Output (SISO)
system of the form:

5c=f(x)+g(x)u, x(O) =Xy
y=h(x)

where X€ M- is the n-dimensional state variables, #E N is a scalar manipulate

ey

input and YE R is a scalar output. f(.), g(.) and A(.) are smooth functions de-

scribing the system dynamics.

2.1 Input-Output Linearization

Consider the output y=/i(x) for system (1). The nonlinear system (1) has rel-
ative degree r at the point x, if:

Lh(x)=0 Vx#xjand Vk<r-1 ®
k-1

L L% n(x)20

So, the relative degree r is the number of times we have to differentiate the out-

put y with respect to time before the input appears [11].



If y<n, then system (1) can be feedback linearized into Byrnes-Isidori normal
form [10]:

, T
g=[h(x) o Lph(x) o m] 3)
The resulting system with the transformed variables (1) can be written as:
E=& i=1..,r-1
fr =v=erh(x)+LgL;c_1h(x)u @)
n=q(&.n)
y=§

where v is the new control law.
Thus, the control law can be written as:

V- erh(x)
u(x)= Ly L7 'h(x)

&)

2.2 Vanishing Perturbation Theory

In this section, we consider the nonlinear system (1) which is written in the au-
tonomous form for the following perturbed system:

¥=f(x)+0(x), x(0)=x, 6)
where f(x) represents the nominal dynamics, with £(0)=0, and ®(x) represents

the perturbed dynamics. fand © are Lipchitz in x . The vanishing perturbation
theory is based on the assumption that the perturbation tends towards zero in the
origin ©(0)=0.

Thus, if the nominal system is exponentially stable and the parameter A is smaller
than a predetermined limit, then the perturbed system is also exponentially stable.

Theorem 1 [13]: Let (x=0) is the equilibrium point of the nominal system

x=f (x) which is exponentially stable and v (x)is a Lyapunov function of the

nominal system that satisfies the following conditions:

i 0 <map )
v (x
LY PN ®)

with ¢, and ¢, are two real positive constants.
Let 31>0:||®(x)||s A, so, if 2<<L, the origin (x=0) is an exponentially stable
2

equilibrium point of the perturbed system (6).



3 Main Results

In this paper, an approach to the tracking control problem of the nonlinear non
minimum phase system is proposed based on the vanishing perturbation theory.
First, the nonlinear non-minimum phase system is transformed into its
observability normal form. Next, it is in turn approximated as a chain of integra-
tors by neglecting a part of the dynamics. Finally, it is controlled via a linearizing
feedback.

3.1 Controller Design

For dealing with the SISO system in (1), the following assumptions are first made.

Assumption 1:

L akn A h
VxeR" span % / A / =n ©)]
ox ox ox
on Lph ALph CT . ‘
where —,——,——,---and are linearly independent[10].
dx oOx  dx ox

This assumption implies that the linearized system is observable around all operat-
ing points [15].
Assumption 2: Let the following state transformation:

T
§:<§[>(x):[h(x) th(x) L%clz(x) Lr}_lh(x)} (10)
@ (x) is a diffeomorphism, i.e., the inverse transformation x = ! (&) exists and

is unique for all xeR".
We start by defining the following error states:

e, =& -y vie{1,2,....n} (11
where Yy, is a reference trajectory

using the state transformation (10) and the linearized feedback control (5), the sys-
tem (1) is written as follows:



él =e

éz =e3

. —1 -1

é, :er+1+Lger h(CID (f))

bl = pyn+ LgL}»h(clfl (5))

o =@ )t (o7 sty el0)=co

12)

with LyLh(97(¢)]=0, ¥ 0<i<r—1 and L (e (£)#0, Vr-1<i<n-1.

The main idea of the proposed approach is to assume that the terms

LgL"fh(CIJ_1 (.f)) #0, Vr—1<i<n-2 aretowards zero and are, then, neglected.

Thus, the use of this assumption in (12) yielding the following approximate system:

él =e

éz =e3

e =ey
€ril =€r42

e,

o = Lyh(@71(&))+ L L (@71 (&) u-y

13)

The resulting system (13) consists of a chain of n integrators, and then the fol-

lowing linearizing control can be applied:
i v-Lyh(@™! (¢))
R '
L n(@7!(2))
Then, system (13) can be rewritten as follows:
é=e,

6‘2 26‘3

€y =v=yy. e(0)=¢,
So, it may be written as:
e=Ae+Bv, e(0)=¢

010.0
001.0
with A= 1t o and B=|i|
000.1
00. .0

(14)

5)

(16)

The resulting system (16) is composed of a linear one and corresponds to an ap-
proximate input-state input of system (1). Consequently, the following feedback:



r=1
v+ Y ki (v ) a7
i=0
can be applied to the approximate system (16). We obtain, finally, the following

linear system in closed loop:
é=Acpe, e(0)=0 (18)
0 1 0.0
0
with: 4, =|!
—k  —k

and ; >0, vie{1,2,...,n} are the coefficients of a Hurwitz polynomial [13].

3.2 Stability Analysis

In this section, we use the theory of vanishing perturbation to analyze the stabil-
ity of the closed loop system. The application of the linear feedback (17) to the
transformed system (14) leads to:

é:ACLe+®(<I>_1(f)): e(0)=¢o 1
with:
~ 0 7
Lot (o () |(ke() (e €))) (20)

1 _
G)((I) (5))_ : LgLr}ilh(CI)fl(f))
Lo 2n(@71(¢))

0

Then, replacing (&,u4)by theirivalues at the (;quilibrium (&.u)=(0,0)in (12) gives
L;.‘lh(cb‘l(fzo))zo. Replacing it in (20) yields ©(0)=0 . Therefore, the perturba-

tion is indeed vanishing, and the theory of vanishing perturbations can be used.
The following theorem gives sufficient conditions for the exponential stability of
system (19).
Theorem 2 [7]: Consider system (1) and assume that the following conditions are
verified:
n(x) Ash(x) AGh(x) ALY (x)
x x T |

<alé]

. Ve R, vpan”

b 36, >0,

Lin(e7(¢))




e 3530 |LgL’;*‘h(¢*1(§))

® The gains k;, (i=0

28
n) are the solutions of Hurwitz polynomial.

.....

®  Let us consider the function ®"(&)defined by:

®*(§):[0 " 0 LgL_rf—lh(qu(g)) LgL?—zh(qu(g)) O}T e
If

# A
o @< e @2

where P is the solution of Lyapunov equation PACL+A£LP=—I

Thus, the control law (14)-(17) stabilizes system (12) exponentially.

Proof: Consider Lyapunov function V=¢'Pe for system (18), where P is a pos-

itive symmetric matrix that satisfies Lyapunov equation PA+A"P=—1 . Then,

aa—VACLe =e'PAe+e’ ATPe= —||e||2 23)
e
and:
aV
mik P+Pe<2|e | 24)
<2l
Consider the same Lyapunov function for the perturbed system (19), given by:
. d 9 2
V= Ao 2 0(E) el +201,, (P)]e] [0 (25)

Noting that

Lh(@ (©)|<n,[g and
sion ©(&) (20), yields:

LL h(® (&))‘zkz >0 so by using the expres-

A
o= jor e 1 26)
Replacing (26) in expression (25) gives:
. ) A
Ve _Heu-[l_zam (Mo (g)HJ @7)

Thus, if (22) is verified, the term in the parenthesis is positive and the feedback
law (14)-(17) stabilizes (12) exponentially. The following corollaries are related
to Theorem 2.

Corollary 1: For a given vector gain K the closed loop system exponentially

- L A,
stabilizes (19) for all. H@ (g)H<W

The corollary above declares that, for any given vector gain K there is a range dif-
ferent from the non-null values of ®"(¢) for which system (12) can be stabilized.
However, the converse is not true, i.e., that is to say, given a perturbation @’ () , it

is not always possible to find a gain vector K that stabilizes the system.



Corollary 2: Let A and A, and\ =max, Ay ),eig(ACL)<O. For

s (P) (M +[K]

@' (§)<\’, there exists a vector gain K that stabilizes system (19) exponentially.

4 Illustrative Example

4.1 Description of the Inverted Cart- Pendulum System

Consider the familiar inverted cart-pendulum system [1], depicted in Fig. 1. The
cart must be moved using the force u# so that the pendulum remains in the upright
position as the cart tracks any desired trajectory from a class of admissible trajecto-
ries.

Let the mass of the cart be M , the mass of the pendulum be m , the length of
the stick be L, and the acceleration of the gravity be g . The mass of the stick is

small compared with the mass m and will be neglected by choosing the pendulum
angle @ and the cart position y_as the generalized position coordinates for the

system. The effect of friction is also neglected.

u
M

Ye

Fig. 1. A Schematic representation of the Inverted Cart-Pendulum System.

The inverted cart-pendulum equations are:
u+ m(LE"2 - gcos@)sin@
= - 2
M +m(sin(8)) (28)

6 :%(gsin(ﬁ)— jcos(8))

Letx=(x, x x, x) =(8 6 y y,.)r and y = x, .Then, we obtain the follow-

ing state space equation



X =X,
N .
X Zz(gsm(xl)—x4 COS(X]))

X, =X, (29)
u+m(Lx] + gcos(x))sin(x,)
2

X, =
M +msin(x,)

Y=X
The initial conditions are y,(0)=7y,(0)=8(0)=0and 6(0)=—7, the downward po-
sition for the pendulum. The system parameters are given in Table 1.

Table 1. Numerical Parameters of the Inverted Cart-Pendulum System

Parameters Signification Numerical value
M Mass of the cart 0.455 kg
m Mass of the rod 0.21 kg
l Length of the rod 0.355m
8 Gravitational acceleration 9.81 m/s?

4.2 Control Law

The objective here is to control the cart displacement y, along a reference trajec-

tory and stabilize the pendulum angle & to the upright position. Thus, the pro-
posed approach to the system (2) is applied. Again, the Lie derivatives are com-
puted up to the order of the system

2 3 4 N2
h=x3y, Leh=x4, Lyh =T, Lyh =Ty, Lyh =Ty, Lyh =0 , L Lph =1/ (M+msin(x)"),
LgLffh:T4, Lifh:Ts. The length terms7;,i=1,...,5 are included in the appendix.
Since A, L f h, L?h, Lifh are independent, the system can be written in the
observability normal form (14) given by:

él =€
‘ 30
é3=e4+LgL%¢vh(x)u (30)
. 4 3 4
ey = th(x) + Lgth(x)u = Yeref» e(0)=¢

and the approximate system, after neglecting the internal dynamics, is given by:

él =€
éz =e3
b= G31)

. 4
ey =v— yg_rgf, e(O) =¢,
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Finally, the approximate system is linearized using the following control law:
_y- Lf;ch(x)
3
LoLph(x)
where v is a linear feedback control:

V= yﬁfe)f _kl(ycref _yc)_k2(ycref _.).}c)_k3(.')}cref _yc)_két(ygref _yc3) (33)

(32)

with y,.r (t) is the desired trajectory to follow and the gains k; ,k,, k; and k,

are the solutions of Hurwitz polynomial.

4.3 Simulations Results

In simulation, the reference trajectory used in the proposed approach is
Yerer =1.5(sin(t) +sin(0.51)) and the gains values are
k=271, ky =2.72,ky ==2.73, ky =-2.74 .

The simulation result of the tracking control is shown in Figure 2. This figure
presents a perfect agreement between the two trajectories. Figure 3 shows the
evolution of the pendulum angle; indeed, it is a small variation around zero. The
evolution of the stabilizing control law is shown in Figure 4. The dynamics of this
control signal is quite satisfactory.

Cart displacement (m)

Time ()

Fig. 2. Evolution of the cart displacement y.and the reference

trajectory Y.

Pendulum angle (rad)




11

Fig. 3. Evolution of the angle pendulum &

Time (s)

Fig. 4. Evolution of the control signal

5 Conclusion

In this paper, based on an approximate input-state feedback linearization tech-
nique, we present a new control scheme to solve the problem of tracking control
for the nonlinear non minimum phase system. The nonlinear system is first trans-
formed into its observability normal form. The latter is in turn approximated as a
chain of integrators, neglecting part of the dynamics, and is finally controlled via a
linearizing feedback.

The neglected part is considered as a perturbation, which is vanishing at the
origin. Thus, the stability analysis is provided based on the vanishing perturbation
theory. The efficiency and the validity of the proposed approach are illustrated
through an example of inverted cart-pendulum.

References

[1] Al-hiddabi, S.: Implementation of stable inversion control on a nonlinear non-
minimum phase system: cart pendulum experiment. SICE’05 (2005).

[2] Allgower, F.: Approximate input-output linearization of non-minimum phase nonline-
ar systems. Proc. ECC, 604-610 (1997).

[3] Bortoff, S. A.: Approximate state-feedback linearization using spline functions.
Automatica. 33, 1449-1458 (1997).

[4] Charfeddine, M., Jouili, K., Jerbi, H. and Benhadj Braiek, N.: Output Tracking Con-
trol Design for Non-Minimum Phase Systems: Application to the Ball and Beam
Model. Int. Rev Aut Con. 4, 47-55 (2011).



12

(3]

(6]

(7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

Charfeddine, M., Jouili, K. and Benhadj Braiek, N.: The Output Tracking Control of a
Nonlinear Non-Minimum Phase System.Proc. CEIT .4, 83-88 (2013).

Deutscher, J.: Input-output linearization of nonlinear systems using multivariable Le-
gendre polynomials. Automatica, 41, 299-304 (2005).

Guemghar K., B. Srinivasan and D. Bonvin. Approximate Input-Output Linearization
of Nonlinear Systems Using the Observability Normal Form. Proc. ECC, (2003).

Hauser, J., Sastry, S. and Kokotovic, P. : Nonlinear control via approximates input-
output linearization: the ball and beam example, IEEE T Automat Contr. 37, 392-398
(1992).

Hunt, L. R., Su, R. and Mayer, G. :Global transformations of nonlinear systems, IEEE
T Automat Contr. 28, 24-31 (1983).

Isidori, A. and Byrnes, C. I: Output regulation of nonlinear systems, IEEE T
Automatat Contr. 35, 131-140 (1990).

Isidori, A.: Nonlinear control systems, London: Spring-Verlag, New York (1995).

Jouili,K. Jerbi,H.,BenhadjBraiek, N.: An advanced fuzzy logic gain scheduling trajec-
tory control for nonlinear systems. J Process Contr. 20, 426-440 (2010)

Khalil, H. K.: Nonlinear Systems. Prentice Hall, New Jersey (1996).

Liu, SJ., Jiang, ZP., Zhang, JF.: Globally output-feedback stabilization for a class of
stochastic non-minmum-phase nonlinear systems. Automatica.44, 1944-1957 (2008).

Nijmeijer, H. and Van Der Schaft, A. J.: Nonlinear Dynamical Control Systems.
Spring-Verlag (1990).



Appendix

T1= m(Ix3 - g cos(x))sin(xy) / (I(M +msin(x;)%))

Ty, =—(-3xpgM +4x,g cos(x| )M - 3xpgm+3xygm cos()q)2 +3lmcos(x; )x% —cos(x; )lx%M
+sin(x)Ix3 M —sin(x;) g cos(x))M)m / (I(M +msin(x;)?)?)

I3 = —(—6x%gM - l2x%Mg sin(xl)zM — 69 gm + 6xpgmcos(x; )2 + 2x9 gm2 cos()q)2
—cos(x) )2 x3M +6lmcos(x))x3 - cos(x) )oaM +sin(x))E3M + gMsin(x;)* cos(x;)
—2sin(x;) g cos(x))M)m / (I(M +msin(xp)>)*)

Ty = [(M +2mx, sin(x))) - 3mcos(xy)> I3 — 2x, sin(x;) cos(x,) / ({(M +msin(x;)?)%)

T5 = 1(2xy sin(x)) g cos(x) )M ) — msin(x)) cos(x1)3lx% —3m cos(x1)3lx§

- 2x% gMssin(xy)cos(xp) / (I(M + msin(x )2 )4)
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